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Abstract 

In the year 1984 Shibata investigated the theory of a change 
which is called a /^-change of a Finsler metric. On the other hand in 
1985 a systematic study of geometry of hypersurfaces in Finsler spaces 
was given by Matsumoto. In the present paper is to devoted to the 
study of a condition for a Randers conformal change to be projective 
and find out when a totally geodesic hypersurface remains to 

be a totally geodesic hypersurface F'^~^ under the projective Ran¬ 
ders conformal change. Further obatined the condition under which 
a Finslerian hypersurfaces given by the projective Randers conformal 
change are projectively flat. 
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1 Introduction 


Let (M*^, L) be an n-dimensional Finsler space on a differentiable manifold 
M^, eqnipped with the fnndamental function L{x,y). In 1984, Shibata [13] 
introduced the transformation of Finsler metric: 

(1.1) L'{x,y) = f{m3) 

where jS = bi{x)y\ bi{x) are components of a covariant vector in 

and / is positively homogeneous function of degree one in L and f5. This 

change of metric is called a /3-change. 

The conformal theory of Finsler spaces has been initiated by M.S. Knebelman 
[S] in 1929 and has been investigated in detail by many authors [21 El SI E] 
etc. The conformal change is dehned as 

L{x,y) e^^^^L{x,y), 

where <j{x) is a function of position only and known as conformal factor. 

On the other hand in 1985 M. Matsumoto investigated the theory of Finsle- 
rian hypersurface m- He has dehned three types of hypersurfaces that were 
called a hyperplane of the hrst, second and third kinds. 

Finslerian Hypersurfaces for a change in a Fisnler metric was studied by sev¬ 
eral authors [3 El [71 [T21 [16] and obtained so many important results in the 
stand point of Finsler geometry. 

In the year 2012 Shukla and Mishra we studied Randers conformal change 
by dehning as 

(1.2) L{x, y) L*{x, y) = e'^^^'>L{x, y) + /3(x, y), 

where a{x) is a function of x and /3(x, y) = bi{x)y^ is a 1- form on M"'. This 
change generalizes various types of changes. When /3 = 0, it reduces to a 
conformal change. When a = 0, it reduces to a Randers change. When (3 = 0 
and cr is a non-zero constant then it reduces to homothetic change. 

In the present paper we have obtained the condition for a Randers conformal 
change to be projective and hnd out when a totally geodesic hypersurface 
pn-i to be a totally geodesic hypersurface under the projective 

Randers conformal change. Further we obatined the condition under which 
a Finslerian hypersurfaces given by the projective Randers conformal change 
are projectively flat. 
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2 Preliminaries 

Let (M", L) be a Finsler space where M" is an n-dimensional dif¬ 
ferentiable manifold equipped with a fundamental function L. A change in 
fundamental metric L, dehned by equation (1.2), is called Randers confor¬ 
mal change, where a{x) is conformal factor and function of position only and 
j3{x,y) = bi{x)y^ is a 1- form on M^. A space equipped with fundamental 
metric L*{x,y) is called Randers conformally changed space F*'^. 

Differentiating equation (1.2) with respect to y*, the normalized supporting 
element I* = diL* is given by 

( 2 . 1 ) = e'^^^Hi{x,y) + bi{x), 

where U = diL is the normalized supporting element in the Finsler space 

Differentiating (2.1) with respect to y\ the angular metric tensor h*j = 
L*didjL* is given by 

(2.2) A*. = 

where hij = LdidjL is the angular metric tensor in the Finsler space F'^ . 
Again the fundamental tensor g*j = didj^ = h*j + 1*1* is given by 

(2.3) g*j = rgij + kbj + L-^ipiy^ + b^yP - L-^yiyj 

where we put yi = gij{x,y)y\ t = and gij is the fundamental tensor 

of the Finsler space F". It is easy to see that the det{g*j) does not vanish, 
and the reciprocal tensor with components g*^^ is given by 

(2.4) g*^^ = T-^g^^ + PyY - L-\-‘^{yV + y^V) 

where p = + j3)L*~^, b"^ = bib\ F = g^^bj and g^^ is the 

reciprocal tensor of gij. 

Here it will be more convenient to use the tensors 

(2.5) hij = gij - L~‘^yiyj, a* = f3L~‘^yi - F 

both of which have the following interesting property: 

( 2 . 6 ) hijy^ = 0 , a^y^ = 0 
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Now differentiating equation (2.3) with respect to and using relation (2.5), 
the Cartan covariant tensor C* with the components Q* ;. = 5fc(%-) is given 
as: 


(2.7) 


^ijk ‘2£j* hjkOii 3 “ 


where Cijk is (h)hv-torsion tensor of Cartan’s connection CT of Finsler space 
F". 


In order to obtain the tensor with the components C*^, paying attention to 
(2.6), we obtain from (2.4) and (2.7), 

( 2 - 8 ) C2 = C^ik- - {rL)-^Cikry^W - 

7—1 

4” ® hik)y^ 

where a*a* = a?. We denote by the symbol (|) the h-covariant differentiation 
with respect to the Cartan connection CV = (FJ^, iVj, Cji.) and put 

(2.9) ‘2Eij -\- bj^i ‘^Eij biy bjy 

Now we deal with well-known functions G^{x, y) which are (2)p-homogeneous 
in y* and are written as 2G* = YjkV^y^ by putting Yjk = 9^^ i^kQjr+djgkr-drgjk) ^ 


Owing to (2.3) and (2.4), a straightforward calculation leads to 


( 2 . 10 ) 


G*\x,y) 



k 
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where the vector F* is given by 

F* = + 201/V - 2LE^h-^{y^E + |/^6*)}[r|o26^Foo + 4/3F^o - 2lr - 

T\r + e‘^F("b{2a|o(&r + /5i/r) - 2/5(j|4F^o + 2Foo?/r} - {2l3\oyr - (3^} - 

/5e^F03){2cr|oy^ - o-|J], 

Fj = g^^Erj and the subscript ’0’ means the contraction by y*. 


3 Relation between projective change and Ran- 
ders conformal change 

For two Finsler spaces = {M^, L) and F*” = (M*^, F*),if any geodesic 
on F” is also a geodesic on F*" and the inverse is true, the change F —)■ F* 
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of the metric is called projective. A geodesic on F” is given by a system of 
differential eqnations 

,3.1) f 

where G^{x,y) are (2) p -homogeneons fnnctions in yh We are now in a 
position to hnd a condition for a Randers conformal change to be projective. 
For this pnrpose we deal with Enler-Lagrange eqnations = 0 , where Rj is 
defined by Bi = diL — Therefore from the Enler-Lagrange differential 

eqnations B* = 0 for F* are given by 

B* = e^Bi + e^Ldia -i- 0^/5 - $ = 0 

Thns the above eqnation can be written as 

(3.2) B* = e^Bi + Ai 

where Ai is a covariant vector and defined as Ai = e'^LdiO -1- < 9^/3 — 

Thns we have 

Proposition 3.1. Let F *n= (AL^^L*) be an n-dimensional Finsler space 
obtained from the Randers Conformal change of the Finsler space F^ = 
and 1-form metric, then the Finsler metric L* is projective if the 
covariant vector At of the equation (3.2) vanishes identically. 


4 Hypersurface given by projective Randers 
conformal change 


Hereafter, we assnme that metrics and are positive-dehnite respec¬ 
tively and we consider hypersnrfaces. According to [D], a hypersnrface 
of the nnderlying smooth manifold may be parametrically represented 
by the eqnation where n" are Ganssian coordinates on 

and Greek indices vary from 1 to n-1. Here we shall assnme that the matrix 
consisting of the projection factors Bf = is of rank n-1. The following 
notations are also employed: 


Bia = 


8^2 


ajS FuFdu? 1 


% = 


If the snpporting element y* at a point (m") of is assnmed to be tan¬ 
gential to we may then write y^ = Bf{u)v°' i.e. n" is thonght of 

as the snpporting element of at the point (n"). Since the fnnction 
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L{u,v) = L{x{u),y{u,v)} gives rise to a Finsler metric of M"" we get a 
(n — l)-dimensional Finsler space L{u, n)}. 

At each point (n") of the nnit normal vector N^{u,v) is dehned by 

(4.1) = 0, = 1 

If Bf, Ni is the inverse matrix of {B^,, N^), we have 

BlB^^=5i, = N^Ni = l and B^B^^ + = 5]. 

Making nse of the inverse matrix {g°'^) of {gay), we get 

(4.2) 5“ = g^^g.jB^^, N, = g,^N^ 

For the indnced Cartan’s connection ICT = {F^^, N^,C^^) on F'^~^, the 
normal cnrvatnre vector Ha is given by [lO] 

(4.3) Ha = N,{Blp + N]B^p) 

Consider a Finslerian hypersnrface F^~^ = L(n, n)} of the F" and 

another Finslerian hypersnrface F*"‘~^ = {M^~^,L*{u^v)} of the F*” given 
by the Randers conformal change. Let iV* be the nnit vector at each point of 
F”“^ and (F", Ni) be the inverse matrix of (F)^, A^*). The fnnction F^ may be 
considered as components of (n — 1) linearly independent tangent vectors of 
F^~^ and they are invariant nnder Randers conformal change. Thns we shall 
show that a nnit normal vector N*^{u, v) of F*"'~^ is nniqnely determined by 

(4.4) = 0, g*^N*^N*^ = 1 

Contracting (2.3) by and paying attention to (4.1) and the fact that 

= 0, we have 

(4.5) = T + {biN^)^ 

Therefore we obtain 


g:j{± 


N’- 


N3 


, -}{± , 

\/r+(6iVp2 


} = 1 


Hence we can pnt 


(4.6) 


N*i 


AT* 

^/7Tlh{Wf 
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where we have chosen the positive sign in order to hx an orientation. 


Using equation (2.3), (4.6) and from first condition of (4.4) we have 


(4,7) + = 0 

+ {hiN^y 

If hiB]^ + = 0, then contracting it by and using y* = we get 

jj = /,* = 0 which is contradiction to the assumption that L* > 0. 

Hence = 0. Therefore equation (4.6) can be written as 


(4.8) 



Summarizing the above Shukla, Chaubey and Mishra [16] obtained the fol¬ 
lowing result 

Proposition 4.1. If {(i?^,A^*), a = 1,2, ...(n — 1)} he the filed of linear 
frame of the Finsler space , there exist a field of linear frame {{B^^, iV** = 
;^A^*), a = 1,2, ...(n —1)} of the Finsler space F*"^ such that (15) is satisfied 
along F*^~^ and then hi is tangential to both the hypersurfaces F^~^ and 

p=^n—l 


The quantities 5*“ are uniquely dehned along F*” ^ by 

where g*°'^ is the inverse matrix of g*^^. Let {B*°‘,N*) be the inverse matrix 
of (Bl^, N*'^), then we have 

BfBf = 6^, B^N* = 0, N*^N* = 1 

Furthermore -|- N*^N* = We also get N* = g*jN*^ which in view 

of (2.1), (2.3) and (4.8) gives 

(4.9) N* = 

Now we assume that a Randers conformal change of the metric is projective. 
Using (2.10) and Proposition 3.1, we have 

(4.10) = 

Since Dj = djD^ and N) = djG^ the above gives 

(4.11) D] = N*i - N] 
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Further contracting the above equation by NiB^^ we have 

(4.12) NiDiB^ = 0 

If each geodesic of with respect to the induced metric is also a geodesic 
of , then is called totally geodesic. A totally geodesic hypersurface 
p{ni) jg characterized by = 0. 

From equation (4.3), (4.9) and (4.11) we have 

(4.13) HI = + N,D]B^ 

Thus using the equation (4.12) in the above equation we have 

(4.14) HI = V^H^ 

Thus we have 

Theorem 4.1. A hypersurface of a Finsler space F'^{n > 3) is totally 
geodesic, if and only if the hypersurface of the space F*” obtained 

from F” by a projective Randers conformal change, is totally geodesic. 

5 Hypersurfaces of Projectively Flat Finsler 
spaces 

In this section, we shall consider a projective Randers conformal change and 
we are concerned with the Berwald connection BT on F"" = (M", L) and BT 
on F*^ = {M*^,L). In the theory of projective changes in Finsler spaces, 
we have two essential projective invariants, one is the Weyl torsion tensor 
Wfj and the other is the Douglas tensor so that under the projective 
Randers conformal change, we get W*f^=Wh and 

Now we are concerned with a projectively flat Finsler space defined as follows: 
If there exists a projective change L —)• L* of a Finsler space F^ = {M^, L) 
such that the Finsler space F*" = is a locally Minkowski space 

then F” is called projectively flat Finsler space. We have already known the 
following theorems: 

Theorem 5.1. A Finsler space F^{n > 2) is projectively flat, if and only 
if Wfj = 0 and = 0. 

Theorem 5.2. JT^l / A Finsler space F^{n > 3) is projectively flat then the 
totally geodesic hypersurface F^~^ is also projectively flat. 


Thus from theorem (4.1), theorem (5.1) and theorem (5.2) we have 


Theorem 5.3. Let F'^{n > 3) be a projectively flat Finsler space. If the 
hypersurface F'^~^ is totally geodesic, then the hypersurface of the 

space F*"- obtained from F” by a projective Randers conformal change, is 
projectively flat. 
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